In this paper, we study the structure of 3-Lie algebras with involutive derivations. We prove that if A is an m-dimensional 3-Lie algebra with an involutive derivation D, then there exists a compatible 3-pre-Lie algebra (A, {, , , } D ) such that A is the sub-adjacent 3-Lie algebra, and there is a local cocycle 3-Lie bialgebraic structure on the 2m-dimensional semidirect product 3-Lie algebra A ⋉ ad * A * , which is associated to the adjoint representation (A, ad). By means of involutive derivations, the skew-symmetric solution of the 3-Lie classical Yang-Baxter equation in the 3-Lie algebra A ⋉ ad * A * , a class of 3-pre-Lie algebras, and eight and ten dimensional local cocycle 3-Lie bialgebras are constructed. 1 2010 Mathematics Subject Classification. 17B05, 17D99.
Introduction
In recent years, quantum 3-Lie algebras [1] , 3-Lie bialgebras [2, 3] , local cocycle 3-Lie bialgebras, 3-pre Lie algebras and 3-Lie classical Yang-Baxter equation [4] are provided. It is well known that Lie bialgebra is the algebraic structure corresponding to a Poisson-Lie group and the classical structure of a quantized universal enveloping algebra [6, 7] , and it has a coboundary theory, which leads to the construction of Lie bialgebras from solutions of the classical Yang-Baxter equation. 
But from the solutions of 3-Lie classical Yang-Baxter equation, the 3-Lie bialgebra which was introduced in [2] , can not be constructed. For excavating the ideal connections between the solutions of 3-Lie classical Yang-Baxter equation and 3-Lie bialgebraic structures, authors in [4] , introduced a new 3-Lie coproduct △ on a 3-Lie algebra, and the pair (A, △) is called a local cocycle 3-Lie bialgebra, where △ = △ 1 + △ 2 + △ 3 : A → A ∧3 satisfies that the dual (A * , △ * ) is a 3-Lie algebra, and ∆ 1 is a 1-cocycle associated to the representation (A ⊗ A ⊗ A, ad ⊗ 1 ⊗ 1); ∆ 2 is a 1-cocycle associated to the representation (A ⊗ A ⊗ A, 1 ⊗ ad ⊗ 1); ∆ 3 is a 1-cocycle associated to the representation (A ⊗ A ⊗ A, 1 ⊗ 1 ⊗ ad). For a skew-symmetric r = i x i ⊗y i ∈ A⊗A, if r is a solution of the 3-Lie classical Yang-Baxter equation, then (A, △) is a local cocycle 3-Lie bialgebra, where for all x ∈ A,
The question that how to get solutions of 3-Lie classical Yang-Baxter equation and how to construct local cocycle 3-Lie bialgebras is a hard task. Motivated by the object, we study the structure of involutive derivations on 3-Lie algebras. And in terms of involutive derivations, solutions of 3-Lie classical Yang-Baxter equation, a class of eight and ten dimensional local cocycle 3-Lie bialgebras, and a class of 3-pre-Lie algebras are constructed.
In the following we assume that all algebras are over an algebraically closed field F with characteristic zero, if {x 1 , · · · , x m } is a basis of A, then {x * 1 , · · · , x * m } is the basis of the dual space A * , where x * i , x j = δ i j , 1 ≤ i, j ≤ m, and Z is the set of integers.
Involutive derivations and compatible 3-pre Lie algebras
A 3-Lie algebra (A, [, , ]) over a field F is a vector space A with a linear multiplication [, , ] : A ∧3 → A satisfying that for all
which is usually called the generalized Jacobi identity, or Filippov identity.
The subalgebra generated by [x 1 , · · · , x n ], ∀x 1 , · · · , x n ∈ A, is called the derived algebra of A, and is denoted by A 1 .
A derivation D is an endomorphism of A satisfying,
Further, if D satisfies D 2 = I d (identity), then D is called an involutive derivation on A, and A has the decomposition
where A 1 = {v ∈ A | Dv = v} and A −1 = {v ∈ A | Dv = −v} which are abelian subalgebras. Der(A) denotes the derivation algebra of A. For all x 1 , x 2 ∈ A, the left multiplications
, ∀x ∈ A, are derivations which are called inner derivations, and ad(A) denotes all the inner derivations.
(A, ad) is called the adjoint representation of A. The dual representation of (A, ad) is denoted by (A * , ad * ), where A * is the dual space of A, and ad * :
There is an equivalent description of an A-module (V, ρ), that is,
For any 3-Lie algebra A, we have the semi-direct product 3-Lie algebra
which is denoted by A ⋉ ad * A * . Furthermore,
And (A, {·, ·, ·} D ) is called the 3-pre-Lie algebra associated with the involutive derivation D.
Proof. By Theorem 2.1, D is an ℘-operator associate to the adjoint representation (A, ad), and for all Therefore, A is a 3-pre-Lie algebra in the multiplication (11). Eq (12) follows from Eqs (2) and (11), and a direct computation. Theorem 2.3. Let (A, [·, ·, ·]) be a 3-Lie algebra, D be an involutive derivation on A. Then D is an algebra isomorphism from the sub-adjacent 3-Lie algebra (A, {·, ·, ·} Dc ) of the 3-pre-Lie algebra (A, {·, ·, ·} D ) to the 3-Lie algebra (A, [·, ·, ·]), and
Furthermore, Proof. By Eq (15), for all
, Eq (7) holds. And
it follows Eq (8). Similar discussion to the above, we get Eq (9). Thanks to Proof. The result follows from the straightforward checking of the existence of involutive derivations by the classification theorems in [5] and Theorem 2.4, we omit the computation process.
Local cocycle 3-Lie bialgebras induced by involutive derivations
In paper [2] , the concept of 3-Lie bialgebra was introduced, but it has not close relationship with 3-Lie classical Yang-Baxter equation. Authors in [4] , gave another 3-Lie bialgebraic structures on a 3-Lie algebra, it is called the local cocycle 3-Lie bialgebra. It has close relationship with 3-pre-Lie algebras, Manin triples, matched pairs of 3-Lie algebras and 3-Lie classical Yang-Baxter equation. So, in this section, we study local cocycle 3-Lie bialgebras induced by involutive derivations.
that is, r pq puts x i at the p-th position, y i at the q-th position and 1 elsewhere in the n-tensor, where 1 is a symbol playing a similar role of unit.
Define an operator φ pq : 
The equation
is called the 3-Lie classical Yang-Baxter equation in the 3-Lie algebra A, and simply denoted by CYBE.
Theorem 3.3. Let (A, [·, ·, ·]) be a 3-Lie algebra with a basis {x 1 , · · · , x n }, {x * 1 , · · · , x * n } be the dual basis of A * , and D be an involutive derivation on A. Then
is a skew-symmetric solution of CYBE in the semi-direct product 3-Lie algebra A ⋉ ad * A * , and
Proof. By Theorem 2.1, D is an ℘-operator associative to the adjoint representation (A, ad). By Theorem 3.19 in [4] , r = D − σ 12 D is a skew-symmetric solution of CYBE in the semi-direct product 3-Lie algebra A ⋉ ad * A * . Thanks to D ∈ Der(A) and D 2 = I d , we get Eq (21). The proof is completed.
Theorem 3.4. Let A be a 3-Lie algebra, D be an involutive derivation on A, D and r be defined as Eq (21) and Eq (20). Then r induces a local cocycle 3-Lie bialgebra
Proof. Suppose dim A = n, and the decomposition of A associated to D is
..x n ∈ A −1 . By Theorem 3.3, and Eq (21), the tensor
is a solution of CYBE in the semi-direct product 3-Lie algebra A ⋉ ad * A * . For convenience, let r = 2n i=1 u i ⊗ ν i . By [4] , r determines a local cocycle 3-Lie bialgebra (A ⋉ ad * A * , ∆), where for all x ∈ A ⋉ ad * A * ,
Thanks to Eq (23),
The proof is completed.
Corollary 3.5. Let (A, [·, ·, ·]) be an n-dimensional 3-Lie algebra with an involutive derivation D, {x 1 , · · · , x s , x s+1 , · · · , x n } be a basis of A and
Proof. The result follows from Theorem 3.4, direcrly.
Eight and Ten dimensional 3-Lie bialgebras
In this section, we construct 8 and 10-dimensional local cocycle 3-Lie bialgebras by involutive derivations. We need the classification theorems of 4 and 5-dimensional 3-Lie algebras in [5] . Then up to isomorphisms, A is one and only one of the following possibilities
x 4 ] = e 2 , α ∈ F and α 0; 
α ∈ F and α 0. 
Proof. By Lemma 4.1, and Eq (5), if A is the case of (b 1 ), then there is an involutive derivation D on A such that x 1 , x 2 , x 3 ∈ A 1 and x 4 ∈ A −1 . Then the multiplication of the semi-direct product 3-Lie algebra (A ⋉ ad * A * , µ 1 ) in the basis {x 1 , · · · , x 4 , x * 1 , · · · , x * 4 } is as follows Thanks to Theorem 3.3 and Theorem 3 
It follows Eq (25). Eq (26) follows from the completely similar discussion.
For the case dim A 1 = 2, we get local cocycle 3-Lie bialgebras (A⋉ ad * A * , µ i , ∆ i )), i = 3, 4, 5. If dim A 1 = 3, then we get local cocycle 3-Lie bialgebras (A⋉ ad * A * , µ i , ∆ i )), i = 5, 6. If dim A 1 = 4, then we get local cocycle 3-Lie bialgebras (A⋉ ad * A * , µ 7 , ∆ 7 )). We omit the proving process since it is similar to the case dim A 1 = 1. 
